The chiral phase transition of the strongly interacting matter is investigated at nonzero temperature and baryon chemical potential (µB) within an extended (2 + 1) flavor Polyakov constituent quark-meson model that incorporates the effect of the vector and axial vector mesons. The effect of the fermionic vacuum and thermal fluctuations computed from the grand potential of the model is taken into account in the curvature masses of the scalar and pseudoscalar mesons. The parameters of the model are determined by comparing masses and tree-level decay widths with experimental values in a χ 2 -minimization procedure that selects between various possible assignments of scalar nonet states to physical particles. We examine the restoration of the chiral symmetry by monitoring the temperature evolution of condensates and the chiral partners' masses and of the mixing angles for the pseudoscalar η −η ′ and the corresponding scalar complex. We calculate the pressure and various thermodynamical observables derived from it and compare them to the continuum extrapolated lattice results of the Wuppertal-Budapest collaboration. We study the T − µB phase diagram of the model and find that a critical endpoint exists for parameters of the model, which give acceptable values of χ 2 .
I. INTRODUCTION
We investigate properties of the strongly interacting matter at high temperature and/or density. Currently, the strong matter can be accessed experimentally at low density (RHIC/Brookhaven and LHC/CERN) and at normal nuclear density (ordinary nuclear physics). Its properties at high densities, where the critical endpoint (CEP) probably sits, are not known, neither experimentally nor theoretically. The theory of the strongly interacting matter (QCD) can be solved perturbatively only at very high energies, not relevant for the problems here. Lattice computations based on importance sampling face serious difficulties at finite, especially large density. Therefore, we are left with effective models, in which certain aspects of the strongly interacting matter can be studied. The underlying principle in the construction of such models is that they share the same global symmetries as the QCD. There are different ways in which the chiral symmetry can be realized. At large temperatures and densities, one expects the chiral symmetry of QCD to be restored. Then, chiral partners have to become degenerate in mass, e.g., the sigma meson and the pions. To investigate the mechanism of chiral symmetry restoration, effective theories with linearly realized chiral symmetry are most appropriate.
In [1] an extended linear sigma model (ELσM) with U (3) L × U (3) R global symmetry was developed, which * kovacs.peter@wigner.mta.hu † szepzs@achilles.elte.hu ‡ wolf.gyorgy@wigner.mta.hu
incorporates the vector and axial vector mesons. The parametrization of the ELσM performed at vanishing temperature shows that the scalar states are preferred asqq states only if their masses are above 1 GeV with an opposite ordering m a0 < m K ⋆ 0 compared to the corresponding experimental values. QCD sum rule analyses based on Borel transformed two-point correlation functions ofqq currents also predict the masses of σ ≡ f L(ow) 0 (the scalar particle with nonstrange quark content) 1 and a 0 to be around 1.2 GeV and larger masses for K ⋆ 0 and the other f 0 -the f H(igh) 0 -of the nonet, due to the strange quark content of the latter (for details see [3] and references therein). Only when the above QCD sum rule analysis is done with tetraquark currents are the masses of scalar mesons obtained in the region 0.6 − 1.0 GeV with the ordering m f L 0 < m K ⋆ 0 < m f H 0 ,a0 [3] [4] [5] . Since the mass of the f L 0 , the excitation of the vacuum with quantum numbers J P C = 0 ++ , is intimately related to the nonstrange condensate, one could expect in the context of the ELσM that a parametrization leading to a large f L 0 mass will result in a high pseudocritical temperature. This is because in the case of a smooth crossover phase transition the larger the f L 0 mass compared to the mass of its chiral partner, that is the pion, the larger is the temperature at which m f L 0 approaches m π in the process of the chiral symmetry restoration during which the value of the nonstrange condensate diminishes. Another problem with a large f L 0 mass when the thermodynamics 1 From now on we always use f L 0 instead of σ, as in the Particle Data Group (PDG) [2] .
of the ELσM is studied comes from the fact that usually the first order phase transition, which occurs at T = 0 as the baryon chemical potential is increased, weakens with increasing values of the f L 0 mass and eventually becomes a crossover at a high enough value of m f L 0 [6, 7] . All this suggests that even if a zero temperature analysis, which excludes the f L 0 and f H 0 scalar mesons from the parametrization process favors the heavy scalars asqq states, the combined zero and finite temperature analysis can give a different result in a given approximate solution of the model. To completely clarify this issue, it seems necessary to include in the model all the physical scalar states below 2 GeV, which is a task we plan to do in a later work along the line of [8] .
Beside the restoration of the chiral symmetry, the liberation of quarks also occurs in QCD at high temperature and/or density. The order parameter of this deconfinement phase transition in the pure gauge theory is the Polyakov loop. It is therefore reasonable to include it in our model in the hope (supported by existing results in the literature) that in this way a better phenomenological description of the strongly interacting matter can be achieved.
We shall study the thermodynamics of the (2+1) flavor Polyakov quark meson model in which, beyond the vector and axial vector mesons included alongside the scalar and pseudoscalar ones, we take into account, as fermionic degrees of freedom, the constituent quarks propagating on a constant gluon background in the temporal direction, which naturally leads in a mean-field treatment to the appearance of the Polyakov loop. The influence of the fermionic vacuum fluctuations on the thermodynamics of the Polyakov loop extended quark meson (PQM) model proved to be very important. In the case of two flavors (N f = 2) it was shown in [9] that their inclusion can change the order of the phase transition at vanishing baryon chemical potential µ B and that renormalization is required to guarantee the second order nature of the temperature driven phase transition in the chiral limit. In the PQM model the effect of the fermionic vacuum fluctuations on the T − µ B phase diagram was investigated, e.g., in [10] for N f = 2 and in [7, 11] for N f = 2 + 1. We shall incorporate the vacuum fluctuations of the fermions in the grand potential and study the effect of the inclusion of the (axial) vector mesons by comparing thermodynamic quantities and the T − µ B phase diagram with those determined in the literature in the context of the PQM model.
For N f = 2 and without the inclusion of fermions, the restoration of chiral symmetry at high temperature was studied within the ELσM in Ref. [12] , using the functional renormalization group approach, and in the gauged version of the model in [13] , using the CornwallJackiw-Tomboulis formalism [14] . An application of the (2+1)-flavor ELσM to an in-medium study was reported in [15] . In contrast to this latter reference, in which it is also rather obscure how thermal corrections are included in the mass of the (axial-)vectors, in the present work we properly take into account the wave function renormalization factors (neglected in [15] ), which are related to the redefinition of the (axial-)vector fields and use a complete set of parameters obtained from a consistent parametrization of the model. The paper is organized as follows. In Sec. II we introduce the model, giving the Lagrangian and the Polyakov loop potentials considered in this study. In Sec. III we introduce the grand potential, the approximation used for its computation, summarize the determination of the curvature masses and of the renormalization of the fermion vacuum fluctuations and present the field equations to be solved numerically. The determination of the model parameters, which is based on a χ 2 -minimization procedure, is described in detail in Sec. IV. In Sec. V we present our results concerning the medium mass variation of the model constituents, the thermodynamics quantities derived from the pressure, and the T − µ B phase diagram. We conclude in Sec. VI.
II. FORMULATION OF THE MODEL
In this section we give the Lagrangian of the model, introduce the Polyakov loop, and present the different forms of the Polyakov loop potential we shall use later. We work with a modified version of the chiral Lagrangian rather than the one employed in [1] at zero temperature (more details on the construction of chiral Lagrangians can be found in [16] [17] [18] ). We consider now a different U A (1) anomaly term (term with c 1 ), because this term contains the fields with lower powers than the one used in [1] , while it does not affect the zero temperature properties much (see [19] ). Moreover, we introduce additional kinetic and Yukawa coupling terms for the constituent fermions Ψ = (q u , q d , q s )
T . Another important modification is the presence of the gluon field in the covariant derivative of the quark field. In the mean-field approximation, this will give rise in the grand potential of Sec. III to the appearance of the Polyakov loop, which mimics some properties of the quark confinement. Moreover, since 2 → 2 (axial) vector scattering processes will not be considered here, the purely four field (axial) vector self-interaction terms are left out (see [1] for the complete Lagrangian).
The covariant derivatives appearing in (1) are written in terms of the electromagnetic field A µ e , the left-and righthanded vector fields L µ , R µ and the gluon fields
where
denoting the SU (3) group generators given in terms of the Gell-Mann matrices λ i . The field strength tensors
are constructed from the left-and right-handed vector fields L µ and R µ which contain the nonets of vector (V 
where the assignment to physical fields is made explicit with the exception of the mixing sector. The index a = 0, . . . , 8
runs over the generators of the U (3) group which includes also T 0 = λ 0 /2 with λ 0 = 2 3 1 3×3 . The matrix M in the Lagrangian collects the nonets of scalar (S a ) and pseudoscalar (P a ) meson fields,
while the external fields related to the scalar and vector fields are introduced with the following parametrization:
The first line in the Lagrangian (1) contains the kinetic and self-interaction terms of the (pseudo)scalars together with a U A (1) anomaly term and an explicit symmetry breaking term. The second line consists of the kinetic terms for the (axial)vectors, altogether with explicit symmetry breaking terms for the (axial)vectors and the (axial)vector-electromagnetic interaction terms. In the third line one finds the (pseudo)scalar-(axial)vector interaction terms, the kinetic terms of the constituent quarks and their Yukawa-type interaction with the (pseudo)scalar mesons. The quark mass matrix appearing there is defined as
and has the structure of a block matrix in flavor, Dirac, and color space. For convenience, in the matrices above and throughout the article, we use the N − S (nonstrange-strange) basis instead of the 0 − 8 basis, which for a generic field
(10) Since in the present work we neglect the isospin breaking, we have to deal with only two nonzero condensates (field expectation values), the φ N ≡ σ N nonstrange and the φ S ≡ σ S strange scalar condensates. In the broken symmetry phase, the model Lagrangian is obtained with the usual procedure in which the nonstrange and strange scalar fields are shifted by their expectation values, σ N/S → σ N/S + φ N/S , which will generate the treelevel masses and decay widths.
B. The Polyakov loop potential
The introduction of the Polyakov loop operator and its application in the present context can be found, for instance, in [20] [21] [22] . For the sake of completeness, however, let the key steps be presented here as well.
To go to finite temperature, analytic continuation to imaginary time should be performed, t → −iτ . The temporal component of the gluon gauge field, which is entering in the definition of the Polyakov loop operator, is transformed accordingly as G 0 (t, x) → −iG 4 (τ, x), while we assume that the spatial components of G µ are vanishing. The Polyakov loop operator itself-which is nothing other than a path ordered Wilson loop of the gauge field in the temporal direction-is defined as [7, 23] 
L and L † are matrices in the fundamental representation of the color gauge group SU (N c ) with N c = 3. Introducing the color traced Polyakov loops as
the Polyakov loop variables are defined as the thermal expectation values Φ and Φ . In the pure gauge case they are related to the free energy of infinitely heavy static quark and antiquarks. As a next step, the so-called Polyakov gauge is chosen, in which G 4 (τ, x) = G 4 (x) is time independent and diagonal in color space; that is, it belongs to the Cartan subalgebra. Furthermore, we approximate G 4 (x) to be homogeneous, thus it can be written as
with φ 3 and φ 8 being real. Consequently, with these simplifications the Polyakov loop operator can be cast into the following form:
with
. When the constant diagonal G 4 , given in (13) , is substituted into the kinetic term of the constituent quarks (2), the second term of the covariant derivative can be considered as a color dependent imaginary chemical potential. This observation is used for the calculation of the grand canonical potential in Sec. III.
The Polyakov loop potential describes the temperature driven deconfinement phase transition occurring in the pure gauge theory; therefore, the potential is constructed using terms which are invariant under the Z(3) symmetry, and some coefficient of these terms depend on the temperature in order to assure a nonzero expectation value of Φ at large temperature [24, 25] . The potential is constructed in such a way as to reproduce some thermodynamical quantities of the pure gauge theory computed on the lattice. For the functional form there are still various possibilities. The simplest polynomial potential introduced in [24] leads in Polyakov Nambu-Jona-Lasinio (PNJL) or PQM models to some unwanted properties, such as negative susceptibilities [26] . Therefore, we shall use a potential with a logarithmic form which is coming from the SU (3) Haar measure of the group integration [27] and is free from the negative susceptibility problem. Moreover, as observed in [28] , the trace anomaly calculated with the logarithmic parametrization of the Polyakov loop potential shows a better agreement with the corresponding quantity in the pure SU (3) gauge theory computed recently on the lattice in [29] , compared to the case when a polynomial Polyakov loop potential is used.
Although in thermodynamical applications the potential is a function of the expectation values Φ and Φ , we use for simplicity Φ andΦ for its arguments. Then the logarithmic Polyakov loop potential can be written as
with coefficients The above parametrization of the Polyakov loop potential does not include the backreaction of the dynamical quarks on the gauge sector and therefore the influence of the quarks on the deconfinement phase transition. This effect was discussed in [30] and in [28] , where the dependence of T 0 on the number of quark flavors and the baryon chemical potential was estimated. This led to T 0 = 187 MeV for m s = 150 MeV and T 0 = 182 MeV for m s = 95 MeV. In the present study we shall use this latter value of T 0 . A refinement of this estimation was achieved in [28] , where a quark-improved Polyakov loop potential was constructed by comparing the SU (3) YangMills (YM) effective potential with the gluonic effective potential computed with the functional renormalization group method by including the quark polarization in the gluon propagator. It was observed that the two potentials have the same shape and that they can be mapped into each other by relating the temperatures of the two systems, T YM and T glue , respectively. The use of the improved Polyakov loop potential U glue was proposed in [28] , which, denoting by U YM the potentials in (15) , was constructed based on the relation (17) where the mapping between the reduced temperatures t YM = T YM /T where (A)PBC stands for (anti)periodic boundary condition,Q f is the conserved charge operator, and ξ denotes here all the mesonic fields. Since the Polyakov loop is treated at mean-field level, there is no integration over the gluons [G 4 in (13) is a background field] and in this case the Polyakov loop potential (15) is simply added to the grand potential.
The simplest approximation for the evaluation of the grand potential frequently used in the literature takes into account the (pseudo)scalar mesons at mean-field level only. In the present case the vacuum and thermal fluctuations for the fermions are taken into account, while the mesonic vacuum fluctuations are neglected and the effects of the lightest mesonic thermal fluctuations (π, K, f L 0 ) are included only in the pressure and the thermodynamical quantities derived from it. Therefore, the meson potential is classical (tree-level) and the fermion determinant obtained after performing the functional integration over the quark fields is evaluated for vanishing mesonic fluctuating fields. Since we would like to assess how the parametrization using vector and axial vector mesons influences the thermodynamics in this approximation, we shall also neglect the fluctuations of the vector and axial vector mesons. In this approximation, which we shall call hybrid (H) approximation, the grand potential reads (19) where U ( M ) is the tree-level meson potential, U ( Φ , Φ ) is the Polyakov loop potential and Ω (0)is the contribution of the fermions for nonvanishing scalar backgrounds φ N and φ S and vanishing mesonic fluctuating fields, the case in which the quark mass matrix M given in (9) is diagonal in flavor space. Note that M has a nontrivial dependence on the scalar and pseudoscalar fluctuating fields, when they are nonvanishing.
The tree-level mesonic potential
is obtained from the first line of (1) with the replacement
In the last line of (20) we explicitly added the counterterms which are needed to renormalize the fermionic vacuum fluctuations (see Sec. III A).
The contribution of the fermions to the grand potential in the approximation described above is obtained as
where summation over repeated indices f, g ∈ {u, d, s} is understood, the superscript (0) reminds one that the mesonic fluctuating fields ξ a are set to zero in the quark mass matrix M defined in (9) and we introduced the color-dependent chemical potentialμ q = µ q − iG 4 , different for each color. Evaluating the path integral in (21) as in [32] one obtains
where the vacuum and thermal parts are, respectively,
f with p = |p| and, in the nonstrange-strange basis, the constituent quark masses are given by
Writing
one recognizes the appearance of L = e iβG4 and L † = e −iβG4 , given explicitly in (14) . Using the properties
. We obtain (27) where Φ + =Φ and Φ − = Φ were introduced for convenience in order to write in a compact form
A. Renormalization of the fermionic vacuum contribution
Using a three-dimensional cutoff Λ in the fermionic vacuum term (23) , one obtains with the help of the mass formulas in (25)
The first term on the right-hand side, quartic in Λ, is uninteresting and can be removed from the potential by considering a subtracted potential such that the value of the potential at φ N = φ S = 0 is subtracted. The quadratic and logarithmic divergences can be removed with the help of the counterterms in the tree-level mesonic potential (20) by choosing
Therefore, the renormalized fermionic vacuum contribution reads
It was shown in Refs. [7, 33] that the grand potential is independent of the renormalization scale, which means that dΩ H /dM 0 ≡ 0. The reason behind this is that after renormalization λ 2 becomes a quantity that depends on the renormalization scale M 0 and its β function is
compensates the explicit dependence on M 0 of the renormalized vacuum term (31) . As a consequence, we could freely choose the renormalization scale M 0 and maintain M 0 independency as long as we take into account the M 0 dependence of λ 2 (which means we cannot change M 0 and λ 2 independently). However, during the parametrization we scan through the parameter space uniformly treating all parameters independently; thus we do not use the M 0 dependence of λ 2 , but instead, we consider M 0 as one of the parameters (see Sec. IV for additional details).
B. The curvature meson masses
The squared masses of the scalar and pseudoscalar mesons, used later to determine the parameters of the model, are calculated from the elements of the corresponding curvature matrix, that is, the second derivative of the grand potential with respect to the mesonic fields, generally denoted by ϕ i,a in some appropriate basis indexed by a, with i = S for scalar and i = P for pseudoscalar mesons. These curvature matrices are symmetric and nondiagonal in the 0−8 or nonstrange-strange basis and can be decomposed as
where the three terms on the right-hand side are as follows: m 2 i,ab is the tree-level mass matrix, 2 and ∆m
and δm 2 i,ab are the contributions of the fermionic vacuum 2 Compared to the case of the conventional LσM, some elements of this matrix contain the wave-function renormalization constants
, which are needed in order to maintain the canonical normalization of the fields in the presence of axial and vector mesons (see [1] for details).
TABLE I. The components of the pseudoscalar and scalar tree-level mass squared matrices and the corresponding contribution of the fermionic vacuum and thermal fluctuations given in the N − S basis. We introduced Λ1 = λ1 + λ2/2, Λ2 = λ1 + λ2,
2 F , and following [7] X = 1 + 4 ln
, with M0 being the renormalization scale. T f , the thermal part of the tadpole integral, is defined in (42) and
Tree-level meson squared masses Fermionic vacuum correction Fermionic thermal correction
and thermal fluctuations, respectively. We note that the mesonic fields are set to their expectation value only after the differentiation is performed.
In the case of three flavors, δm 2 i,ab was first calculated without the inclusion of the Polyakov loop in [6] and in the presence of the Polyakov loop in [34] at µ = 0 and in [33] at µ = 0, while ∆m 2 i,ab was first computed in [7] . We shall review below the expressions of ∆m Table I we explicitly give their contributions to the tree-level masses, which are also listed there. Note that in the N − S basis there are no off-diagonal contributions to the curvature matrix coming from the fermionic fluctuations. In the respective mixing sector, the eigenvalues m 2 η ′ /η and m
can be computed with the following formulas:
The fermionic vacuum contribution to the curvature mass is given by
where we introduced, as in [6] , shorthands for the first and second derivatives of the constituent quark mass squared with respect to the meson fields: m 2 f,a
. The correction to the curvature matrix due to the fermionic thermal fluctuations in the presence of the Polyakov loop reads
is the modified Fermi-Dirac distribution functions for quarks (+) and antiquarks (−) and, following Ref. [34] , we also introduced
To obtain the mass squares, whose first and second derivatives appear in Eqs. (35) and (36), we have to find the eigenvalues of the square of the γ 0 M matrix from Eq. (21), which is a 12 × 12 matrix in the Dirac and flavor space, or, equivalently, of the matrix N N † , where N = σ a λ a + iπ a λ a , which is a 3 × 3 matrix. An easy way to do the calculation of a given derivative is to set to zero all the fluctuating fields not used in the differentiation. The calculation is straightforward and as noted in [6] , TABLE II. The first and second derivatives of the quark squared masses with respect to the scalar (S) and pseudoscalar (P) meson fields, evaluated in the N − S basis at the extremum of the grand potential. All entries of the omitted ab =NS rows are vanishing. The result holds in the isospin symmetric case and a summation over l ∈ {u, d} is understood in the first two columns.
some cancellations occur in the isospin symmetric case, where the mass squared of the two light quarks can be combined. The result is given in the N − S basis in Table II which, in the case of the LσM, appeared first in the 0 − 8 basis in [6] . ForΦ = Φ = 1, the distribution functions f ± f (p) goes over into the usual Fermi-Dirac distributions for quarks and antiquarks, f
). In this limit, which is expected to be reached at high temperature,
, and one recovers the expression of Ref. [6] for the curvature mass, obtained in the linear sigma model without the inclusion of the Polyakov loop. WhenΦ = Φ = 0, which is reached for vanishing temperature, the so-called "statistical confinement" occurs, as f
, which means that at small temperature three quark states, that is excitations with zero triality, represent the effective degrees of freedom [21] .
C. Field equations
Up to this point we were quite formal in dealing with the consequence of the quark's propagation on a constant gluon background field in the temporal direction. Now we have to face the situation that, since Φ andΦ are complex, the grand potential we arrived at is, in fact, a complex function of complex variables. It is easy to see that Ω (0)T(T, µ q ) in (24) has an imaginary part for µ q = 0, which is the manifestation of the sign problem in the present context, and the question is how to extract physical information from the grand potential (see also the discussion in [35] ). In the mean-field approximation of Ref. [22] (see also [36] ) the traced Polyakov loops Φ andΦ introduced in (12) are replaced by their thermal expectation values Φ and Φ , that is by the Polyakov loop variables, which at µ B = 0 are treated as two real and independent quantities (at µ B = 0 they are equal). Adopting this approach and using for simplicity the notation Φ andΦ for the Polyakov loop variable, it is understood that from now on in Eqs. (28), (37) , and (38) the fields Φ andΦ are real and independent. In this approach the grand potential Ω is real and the physical point (extremum of Ω) is a saddle point. Working with real Polyakov loop variables Φ andΦ seems to be supported by the study performed in the massive extension of the Landau-DeWitt gauge, where the self-consistent gauge fixing condition imposes constraints on the background gauge fieldsĀ 3 andĀ 8 [which correspond to φ 3 and φ 8 of (13)]. As the study in [37] reveals, for real values of µ B the constraints are obeyed by realĀ 3 and imaginaryĀ 8 gauge fields, and these field configurations correspond to real and independent Polyakov loop variables Φ andΦ. 3 We mention that in some cases, another approach is preferred in the PLσM, in which the imaginary part of the potential is neglected [35] . In this case the physical point is a minimum, which makes possible the investigation of the nucleation occurring during a first order phase transition, but has the drawback that the difference between the expectation values of the traced Polyakov loop and its conjugate vanishes at µ B = 0.
In view of the above discussion, the field equations, which determine the dependence on T and µ B = 3µ q of the chiral condensates φ N and φ S and the Polyakov loop variables Φ andΦ, are obtained by extremizing the grand potential,
In our hybrid approach we include in the field equations only the vacuum and thermal fluctuations of the constituent quarks and leave out the corresponding mesonic fluctuations. In this case, the explicit field equations read
where U (Φ,Φ) is the Polyakov loop potential (15) and, by matching the renormalization of the effective potential done in Sec. III A, we defined the renormalized expectation value 4 as
with the thermal part of the fermion tadpole integral given by
IV. DETERMINATION OF THE MODEL PARAMETERS
There are altogether 16 unknown parameters, 15 parameters found in the Lagrangian given in Eq. (1) and the renormalization scale M 0 (see Sec. III A). For the renormalization scale we choose three different initial values, namely M 0 = 0.3, 0.9, 1.5 GeV and run the parametrization for them. After finding a good solution-which includes a particular M 0 value-we take it as an initial condition and minimize for M 0 around that solution. From the remaining 15 Lagrangian parameters δ N can be incorporated (without loss of generality) into m 1 -the bare (axial)vector mass, while the external fields h 0N and h 0S are replaced by the scalar condensates φ N and φ S with the help of the field equations (40c) and (40d) at zero temperature. Consequently, there are 14 parameters left to be determined, which are the following: the bare (pseudo)scalar mass m 0 ; the (pseudo)scalar self-couplings λ 1 and λ 2 ; the U A (1) anomaly coupling c 1 ; the bare (axial)vector mass m 1 ; the (axial)vector-(pseudo)scalar couplings h 1 , h 2 and h 3 ; the external field δ S which explicitly breaks the chiral symmetry in the (axial)vector sector; the scalar condensates φ N and φ S ; the Yukawa coupling g F ; and two (axial)vector couplings g 1 and g 2 . 4 It is worth noting that the expectation value q f q f is calculated within the framework of the present model containing constituent quarks and it is not directly related toappearing in the QCD.
In the parametrization procedure we use alongside 29 vacuum quantities, that is 15 masses, 12 tree-level decay widths, 2 Partially Conserved Axialvector Current (PCAC) relations Table I , where the fermionic corrections to the tree-level masses are also given [see also Eqs. (33) and (34)
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The decay widths used are the vector decays Γ ρ→ππ , Γ K ⋆ →Kπ , Γ Φ→KK , the axial vector decays Γ a1→ρπ , Γ a1→πγ , Γ f1→K ⋆ K , and the scalar decays Γ a0 ,
and Appendix A. The value of the masses and decay constants are compared with the corresponding experimental value taken from the PDG [2] through the χ 2 minimization method of Ref. [38] similarly as in [1] , but with some important differences listed below. One such difference, mentioned already and detailed more latter, is the inclusion of the pseudocritical temperature T c in the minimization process. We take the mean value given in the PDG (in case of charged particles, the neutral and charged masses are averaged) and for the error we allow for a 20% variation with respect to the PDG value for the masses and decay widths of the scalar sector, 10% for the constituent quark masses and 5% for all the other quantities. We use this large error in case of the scalars mainly because they mix with each other and our fields do not correspond to pure physical particles, while in case of the constituent quarks, their dynamically generated mass depends on how it is defined and calculated. All other errors of the masses and decay widths of the pseudoscalars, vectors and axial vectors are much smaller experimentally; however, we used 5% for them due to model limitations and approximations (e.g., isospin symmetry). All the data used for the parametrization are listed in Appendix B. Compared to [1] , the modifications in the parametrization of the model are the following.
(i) Since here we use a different anomaly term [see (1) ], the terms proportional to c 1 are different in the expressions of the tree-level pseudo(scalar) masses and the scalar decay widths, which are listed explicitly in the first column of Table I and in Appendix A, respectively. The expressions of the (axial)vector meson masses and decay widths are unchanged.
(ii) A small modification in the present case is that for the a 0 (980) particle we fit to the value of the total width found in [2] , instead of fitting to the value of the two amplitudes |M a0(980)→KK | and |M a0(980)→ηπ | found in [39] .
(iii) We now include the f 0 masses and decay widths into the global fit, as opposed to [1] , where we first did a global fit without using the properties of the f 0 mesons and only after that we analyzed the consequences of the fit on the f 0 's.
(iv) We consider here the effects of the fermion vacuum fluctuations, case in which the expression of the (pseudo)scalar masses are modified, as shown in the second column of Table I .
(v) Working in the isospin symmetric limit, we use now the two additional tree-level equations for the constituent quark masses given in (25) . Their explicit expression contains the Yukawa coupling g F and the values m u,d = 308 MeV and m s = 483 MeV were used for the fit. These values are obtained from a nonrelativistic mass formula for the light mesons in which spin-spin interaction is taken into account, as presented in Chap. 5.5 of Ref. [40] .
As was discussed in [1] , the scalar sector below 2 GeV contains more physical particles than states in onenonet (consisting of Since compared to [1] our parametrization considerably changed due to the inclusion of the f 0 masses, decay widths, and fermionic vacuum fluctuations, we reran the fitting procedure for all 40 cases and for every M 0 value mentioned earlier and retained only those solutions of the χ 2 minimization, which gave the lowest χ 2 values. However, by using only zero temperature quantities (PCAC relations, masses and decay widths) in the parametrization we would end up with lots of possible solutions with very close χ 2 values, which could produce various, even physically unacceptable, thermodynamical behaviors. More specifically, the T c pseudocritical temperature at zero baryon chemical potential, which should be around 150 MeV, 6 can reach very high values ( 350 MeV) in case of some solutions. Thus we chose to include the physical value of T c in the parametrization with a 10% error. Additionally, we only considered solutions that had T c < 180 MeV. For the determination of the T c we solved the four coupled field equations Eqs. (40a) -(40d) at µ B = 0 and defined T c as the temperature for which the value of the so-called subtracted chiral condensate is 0.5. This quantity, defined in [43] as
can be measured on the lattice, and it takes values between 0 and 1. The χ 2 and χ 2 red ≡ χ 2 /N dof values 7 for the first ten best solutions are shown in Table III along with the corresponding particle assignments. Interestingly, in the case of the ten best solutions the value of M 0 was always 0.3 GeV (from the three possibilities 0.3, 0.9, and 1.5 GeV). In these solutions we used the logarithmic Polyakov loop potential (15) with T 0 = 182 MeV. Considering that we would like to carry out the thermodynamical analysis with one particular set of parameters (which means one particular assignment of the scalar states), we could simply choose the first one. However, since the first couple of solutions are not very far from each other in χ 2 values, it is better if we take a closer look at the details of the fits and see how well they describe the spectrum physically. The detailed fit results of the first two best solutions are shown in Table V of Appendix B together with the result taken from [1] . In the case of the two best solutions the majority of the 30 physical quantities listed there are in good agreement with the experimental values. However, there are some quantities that are not well described, like the mass of a 1 , which we find in any current fit smaller than its experimental value, and which consequently result in too small values for the a 1 decays as well. Considering the first assignment a value indeed belongs to f 0 (1370). This means that this assignment can be excluded even on the grounds of physical inconsistency. With the same argument all elements of the list in Table III can be excluded except one, which is indeed the best solution with assignment a
(middle "Fit" column). Thus we choose the parameter set belonging to the a states cannot be identified directly with any of the f i 0 states. Since we could not quantify that mixing, we left out the f 0 's from the fit. However, in this study, the thermodynamical properties of the system depend on f L 0 very strongly, and thus we had to identify it with one of the f i 0 states and include it in the parametrization.
V. RESULTS
In this section we present the dependence on the temperature and chemical potential of various physical quantities determined with the best set of parameters found with our parametrization procedure. We compare the variation of the condensates and that of the pressure and affects the value of T c , but it does not affect the vacuum value of the quantities used for parametrization. We also study the µ B − T phase diagram and the existence of the CEP.
A. Temperature variation of condensates and meson masses at µB = 0
In Fig. 1 we study at µ B = 0 the temperature variation of the nonstrange and strange chiral condensates, Polyakov loop expectation value, scalar and pseudoscalar curvature masses and the corresponding mixing angles. These results are obtained using the improved Polyakov loop potential U glue of Eq. (17) with T glue c = 182 MeV, 8 as the value of the critical glue temperature. We see that the chiral condensates stay close to their vacuum values up to some quite high value of the temperature of order 100 MeV. This is the usual manifestation of the so-called "Polyakov cooling mechanism" [44] already observed in [45] , namely, that when the Polyakov loop is coupled to chiral quarks, any quark observable at small temperature (deep in the hadronic phase) takes a value obtained in the theory without the Polyakov loop at a lower temperature, of the order T /N c . When the values of the condensates start to drop, a bumpy behavior can be observed in both the strange and nonstrange condensates. This behavior, clearly shown by the temperature derivative of the condensates, is reflected by the temperature evolution of the masses.
Next, let us consider the restoration of chiral symmetry from the parity doubling perspective [46] , that is, by 8 For other values of T checking the mass degeneracy of a scalar meson with its opposite-parity partner. We see in Fig. 1 that in the nonstrange sector the SU (2) chiral partners (π, f L 0 ) and (η, a 0 ) become degenerate at T ≃ 190 MeV, which is slightly above the inflection point (T c = 172 MeV) of the nonstrange condensate φ N (T ) and subtracted chiral condensate ∆ l,s (T ). In the strange sector the chiral symmetry is restored at a much higher temperature, as there is a temperature range of around 200 MeV where the masses of the chiral partners (K, K ⋆ 0 ) are close, but they only become degenerate above T ≃ 450 MeV. The masses of the η ′ and f H 0 approach each other, but they never become degenerate. This is the consequence of the fact that our anomaly parameter c 1 is temperature independent, and therefore the U (1) A symmetry is not restored in the explored temperature region. The nonrestoration of the U (1) A symmetry is visible also in the nonstrange sector, where the axial partners (π, a 0 ) and (η, f L 0 ) do not become degenerate. We refer to the literature for the case when a temperature-dependent anomaly parameter is considered by using lattice results for the topological susceptibility. Typically, following Ref. [47] , an anomaly parameter which decreases exponentially with the temperature or density is considered, which results in a faster restoration of the chiral symmetry and an effective restoration of the U (1) A symmetry [46, 48] .
We turn now to the scalar and pseudoscalar mixing angles in relation with the masses of the f [6] ). The temperature evolution of both mixing angles is such that the situation of ideal flavor mixing is achieved at temperatures which are 2 − 3 times larger than T c ; that is, f L 0 and η mesons are pure nonstrangeqq states, while f H 0 and η ′ are pure strange ones.
Now we look more closely at the thermal evolution of the subtracted chiral condensate ∆ l,s given in (43) and investigate, as in Ref. [28] , whether by comparing to the lattice result it is possible to restrict the values of some parameters of the improved Polyakov loop potential. We have already seen that our pseudocritical temperature is higher than the continuum extrapolated lattice result; therefore, we plot ∆ l,s as a function of the reduced temperature t = T /T c − 1. To be able to compare with the lattice results of Ref. [42] , we have to assure that we use the same definition for the pseudocritical temperature. During the parametrization we used, as a reasonable and numerically easy to implement approximation for T c , the value of the temperature where ∆ l,s = 0.5. Now we define T c as the inflection point of ∆ l,s obtained by fitting f (T ) = a + b arctan(c(π − d T )) to our and the lattice results. 9 Then, the value of the pseudocritical temperature is given by T c = π/d. Fitting the above function to the lattice data in the range T ∈ [145, 165] MeV we obtain T c = 156.35 MeV, which is compatible with the reported value 157(3)(3). In our case, regarding the logarithmic Polyakov loop potential with T 0 = 182 MeV we obtain T c = 172 MeV, and with the improved Polyakov loop potential we get T c ∈ (168, 189) MeV, depending on the T glue c value used. In Fig. 2 we compare to lattice results the subtracted chiral condensate (43) parameter in the range between 210 MeV and 240 MeV. In contrast with the nice agreement of the subtracted chiral condensate with the corresponding lattice result, the thermal evolution of the Polyakov loop expectation value shown in Fig. 2 is quite far from its lattice counterpart, as was also the case in Ref. [28] . The transition shown by the lattice result is much smoother, and although, as explained in Ref. [28] , the use of the improved Polyakov loop potential makes the transition smoother compared to the case when the original logarithmic potential is used, the discrepancy from the lattice results remains significant. It was argued in [50] that, as the Polyakov loop requires renormalization, a temperature dependent rescaling has to be applied to the Polyakov loop expectation value calculated in an effective model when comparing it to the lattice value. With this idea the lattice result of two-color QCD was reproduced in a PNJL model. Because of the big discrepancy with the lattice data, we could not apply it in our case, where it seems that the mean field approximation is rather crude, as far as the expectation value of the Polyakov loop is concerned.
B. Thermodynamical quantities at µB = 0
In this subsection we present the thermodynamical quantities derived from the pressure and compare them to the corresponding continuum extrapolated lattice results of Ref. [51] . The pressure is obtained from the grand potential defined in (19) as
Based on the pressure, one can compute thermodynamical observables like the entropy density s = ∂p/∂T, the quark number density ρ q = ∂p/∂µ q , the quark num- ber susceptibility χ q = ∂ 2 p/∂µ 2 q , the energy density ǫ = −p + T s + µ q ρ q , as well as the scaled interaction measure ∆ = (ǫ − 3p)/T 4 and the square of the speed of sound defined at µ q = 0 as c 2 s = dp/dǫ = s/(T (∂s/∂T )). So far we have not included any mesonic fluctuations in the grand potential, and consequently we solved the field equations without taking them into account. However, the contribution of the pions has to be included in the pressure, as at small temperature their mass is the smallest among all constituents of the model. In fact, it is known from textbooks that for small temperature the scaled pressure behaves as p/T 4 ∼ (m π /T ) 3/2 exp(−m π /T ). With the curvature mass determined according to Eq. (32) from a grand potential not containing mesonic fluctuations, the additive partial contribution of a meson b ∈ {π, K, f L 0 } to the pressure is taken into account with the formula
, with m b being the meson mass, and n b is the meson multiplicity (n π = 3, n K = 4, and n f L 0 = 1). Note that the fermion contribution to the pressure is included using Eq. (27) .
In the left panel of Fig. 3 we see that the constituent quarks and the Polyakov loop potential give the major part of the contribution to the pressure around and beyond T c and that at small temperature the pressure is pion dominated. Any additional mesonic contribution increases the pressure, and we see that with the inclusion of K and f L 0 , the pressure overshoots the lattice data. The contribution of the kaons is significant around T c , while that of f L 0 is quite small in the entire temperature region. This has to do with the multiplicity of the kaons,
. We included the contribution of f L 0 in the pressure because in our approximation it is rather light in the vacuum and its mass decreases with the temperature roughly up to the pseudocritical temperature T c .
In the right panel of Fig. 3 one observes that with the improved Polyakov loop potential the temperature increase of the pressure is smoother than with the original Polyakov loop potential (U YM ), where the StefanBoltzmann (SB) limit of the QCD (ideal gas of massless fermions and gluons) is reached already for T ≈ 1.5T c . One also observes that the overshooting of the pressure compared with the lattice data, when additional mesonic contributions are included beyond that of the pions, can be compensated to some degree by increasing the value of T glue c in the improved Polyakov loop potential. In the case of the pressure, we get close to the lattice data by using the maximal value T glue c = 270 MeV. This means that one cannot reproduce equally well all thermodynamical quantities with the same set of model parameters, as the value for which ∆ l,s is the closest to the lattice data isaccording to Fig. 1 -in the range T glue c ∈ (210, 240) MeV. This inconsistency could be related to the inconsistent treatment of the mesonic contributions which are not included in the field equations when the model is solved. It is seen in general that the inclusion of mesonic fluctuations smoothes the chiral phase transition [52, 53] , and therefore with their consistent inclusion we would expect a better agreement of the pressure and the derived thermodynamical quantities with the lattice results.
Some thermodynamical quantities derived from the pressure, like the scale interaction measure ∆, the square of the speed of sound c We also studied the effect of the transition tempera- We turn now to the study of the chiral phase transition at finite baryon chemical potential µ B . As µ B is increased from zero, the chiral transition as a function of the temperature becomes more and more rapid, although its crossover nature is preserved for quite large values of µ B . The pseudocritical temperature decreases with increasing µ B and one can determine at µ B = 0 the curvature κ of the chiral crossover transition curve in the T − µ B plane through the following standard fit
We obtain κ = 0.0193, which is very close to the continuum extrapolated lattice result κ = 0.020(4) reported in [54] for the case µ u = µ d = µ s . 10 We mention that when . The dashed curve denotes a crossover-type transition, the solid curves represent the two spinodals limiting the metastable region associated with a first order phase transition, while the dash-dotted curve is the chemical freeze-out curve of Ref. [58] (see text for details).
µ u = µ d and µ s = 0, the lattice results are significantly lower: κ = 0.0135 (20) in [55] and κ = 0.0149 (21) in [56] .
In the case of our best set of parameters determined in Sec. IV, the crossover transition eventually turns with increasing µ B into a first order one, by passing through the CEP of the phase boundary, where the transition is second order. This is presented in Fig. 7 , where we show the phase diagram obtained with the improved Polyakov loop potential (17) by using T [57] that the chemical freeze-out temperature is close to the critical temperature, it is interesting to compare the above transition curve with the chemical freeze-out curve deduced from particle multiplicities in heavy ion collisions, to which the parametrization T = 0.166 − 0.139µ 2 B − 0.053µ 4 B was given in [58] , with T and µ B measured in GeV. One can see in Fig. 7 that our T c (µ B ) phase transition curve lies farther from the origin of the T − µ B plane than the freeze-out curve.
With the best set of parameters given in Table IV The phase diagram is similar to that obtained in [59] , with comparable values of the CEP's coordinates, and we refer to that paper concerning the influence of the improvement in the Polyakov loop potential on the location of the CEP in the PLσM. The large value of µ CEP B we obtained is typical of a linear sigma model without (axial)vector mesons in the case when the vacuum fluctuation of the fermions is included. See, e.g., [7] where the value µ CEP B = 849 MeV was reported, with a somewhat larger value of temperature, T CEP c = 81 MeV, than is in our case. Without the inclusion of the fermionic vacuum fluctuations, as is the case of Refs. [6, 60] , the value of µ CEP B is smaller and T
CEP c
higher, compared to the case when they are properly taken into account. In Fig. 7 of [7] Table I of [61] ). Opposed to these is the lattice result [62] obtained at N t = 4, in which the shrinking of the first order chiral transition region of the m u,d − m s plane was observed as µ B is increased from zero. The result of Ref. [62] would suggest the absence of CEP, unless the µ crit B (m u,d , m s ) surface of the second order phase transition points behaves nonmonotonously with increasing µ B , similar to the situation observed, e.g., in [63] in the Nambu-JonaLasinio model, using a µ B -dependent 't Hooft coupling, or in [64] , in the linear sigma model.
Instead of comparing the location of the CEP found in our model to lattice results obtained at fixed lattice spacing, we compare it with values coming from the solutions of truncated Dyson-Schwinger equations in Landau gauge QCD obtained with N f = 2 [65] [66] [67] and with N f = 2 + 1 [68, 69] , and also with an estimate obtained by analyzing experimental data in heavy-ion collisions [71] . Simple parametrizations of the gluon propagator gives µ [66] . On the other hand, when a temperature dependent parametrization of the gluon propagator is used in [67] , based on which the T dependence of the quark-antiquark condensate is reproduced at µ B = 0, µ CEP B /T CEP c ≃ 6.8 is obtained, which is a factor of 2.5 smaller than our value and a factor of 2 larger than the values in [65, 66] . Compared to these values, µ is 2 times smaller than there), which increases slightly to 4.7 [69] with the inclusion of terms in the quark-gluon interaction which are parametrized with baryonic degrees of freedom. What is common in the approach based on the Dyson-Schwinger equations and also in the method of [70] 11 using finite energy sum rules is that they rely on the self-consistent propagator equation for the quarks.
It remains to be seen how self-energy correction in the fermion propagator will affect in our model the value of µ
Recently the nonmonotonic pattern of some experimental observable obtained at various centralities as a function of the collision energy was attributed in [71] to finite-size scaling effects occurring near a second order phase transition. The determined critical exponents governing the growth of the correlation length and susceptibility suggests the existence of a CEP that belongs to the universality class of a three-dimensional Ising model and has a small value of baryon chemical potential, In the previous subsection we have located the CEP in the T −µ B phase diagram by monitoring the temperature evolution of the nonstrange condensate at increasing values of the baryon chemical potential µ B . Now we present in Fig. 8 the temperature evolution of various thermodynamical observables at increasing values of µ q = µ B /3, as the CEP is approached from the region of the phase diagram where the chiral transition is an analytic crossover. Some of these observables have a peculiar behavior in the vicinity of a second order phase transition, some others increase and diverge at the CEP and therefore in principle they can be used in an experimental setting to signal its presence.
We see in Fig. 8 that the presence of the CEP is signaled by the nonmonotonic temperature dependence of the scaled pressure p/T 4 . If the pressure is scaled with 0.3 GeV, that is, in the range of µ B where the approximation used is valid.
the pressure of the QCD in the SB limit, namely, by
where N c and N f are, respectively, the number of colors and flavors, then the presence of the CEP is hardly visible. The effect of the CEP appears magnified in the scaled quark number susceptibility χ q /T 2 and the scaled quark number density ρ q /T 3 . Note that by increasing µ q from 270 MeV to 289 MeV, which is very close to the coordinate of the CEP, the value of the scaled quark number susceptibility is increased by a factor of 4 (for the sake of the presentation we divided by this factor the value of χ q /T 2 obtained at µ q = 289 MeV). In the bottom row of Fig. 8 we show at several fixed values of µ q the temperature variation of p/ǫ and (dp/dǫ) µq = s/(T (∂s/∂T ) + µ q (∂ρ q /∂T )). This quantity, derived at constant µ q , connects at µ q = 0 with the square of the speed of sound c 2 s . One sees that both p/ǫ and (dp/dǫ) µq decrease with increasing values of µ q , and that the minimum of the latter quantity approaches zero at CEP and shows a very steep rise, as the temperature increases above the critical value.
VI. CONCLUSIONS
We have studied at finite temperature and baryonic densities the thermodynamical properties of the Polyakov loop extended quark meson model containing also vector and axial vector mesons. These latter ingredients manifest themselves in a nontrivial way in the vacuum parametrization of the model through their tree-level masses and decay widths. The χ 2 -minimization procedure applied earlier in [1] was modified by including the effect of the fermion vacuum fluctuations in the scalar and pseudoscalar meson curvature masses and also by considering as an input the well-established value of the chiral transition temperature of the QCD at vanishing density.
With our parametrization procedure we have investigated which scalar particles with mass below 2 GeV can be assigned to the scalar states of the model, under the assumption that these arestates. It turned out that the smallest value of χ 2 is reached when the states of the model correspond to a 0 (980), K ⋆ 0 (800), f 0 (500), and f 0 (980) particles. For this particular particle assignment we have studied the thermodynamics of the model, by using an improved Polyakov loop potential, recently proposed in the literature, and found that a CEP of the crossover transition line exists in the T − µ B phase diagram at rather large values of µ B . We have computed various thermodynamical observables and compared them with continuum extrapolated lattice results. Based on the fairly good agreement with the lattice data observed (dp/dε) 4 (left main plot) and p/pSB (inset), scaled quark number susceptibility χq/T 2 (right main plot), and the scaled quark number density ρq/T 3 (inset). In the bottom row we present the ratio p/ǫ and the quantity (dp/dǫ)µ q , defined in the main text, as functions of the reduced temperature t = T /Tc −1.
at vanishing density, it would be interesting to use in astrophysical applications the finite density equation of state of our model.
The inclusion of the pseudocritical temperature in the parametrization procedure proved crucial, as it drastically reduced the number of acceptable solutions of the χ 2 -minimization procedure. It turned out that in order for the model to provide a meaningful thermodynamics, f 0 (500) has to be part of the scalar multiplet, in contrast with the parametrization based exclusively on mesonic vacuum quantities [1] , where, in the absence of fermionic vacuum fluctuations, f 0 (1370) and f 0 (1710) were found to belong to the scalar nonet states. This contradiction is most probably a consequence of the fact that in both cases the parametrization of the model was done as if the scalar states were allqq excitations, which is more likely not the case in nature. Therefore, it would be interesting to consider in the future the mixing of theqq states with tetraquark states and redo the parametrization of the model and the thermodynamical investigation presented here. We mention that additional details on the properties of some scalar particles recently given in [72] [73] [74] [75] can also be considered in a future work. Moreover, beside the tetraquarks, the glueball admixture presumably existing in some components of the isoscalar sector [76, 77] also has to be taken into account because, as a result of the mixing of the isoscalar states, this admixture can influence the results presented here. concerning thermodynamical observables. 
with the following transition matrix elements, 
M a0→ηS π (m) = A a0ηS π ,
and
The a 0 → KK decay width is found to be
It is worth noting that in the expressions above only the forms of A a0ηN π and A a0KK have changed. Now turning to the scalar kaon, the decay width reads
where only A K ⋆ 0 Kπ has changed. The decay widths of the f decay widths, and with the fermions excluded from the model (left "Fit" column);
best and second best solutions with the current approach explained in Sec. IV (middle and right "Fit" columns, respectively). The labels in the first row refer in order to the particle assignments of a0, K ⋆ 0 , and the two f0's (with low and high mass). We use the scientific E notation in which mE−n corresponds to m × 10 −n . 
